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Abstract In a recent study, a regime chart was established for sheared granular systems. For a soft
particle system under simple shear, the internal stress showed a range of rate dependency. As the
particle concentration increased, the system transitioned from a kinetic gas to a plastic solid. This
transition was gradual for low stiﬀness systems but became more abrupt as the stiﬀness increased.
In this study, the relationship between the granular temperature and pressure is investigated for
the same system of particles. The granular temperature is deﬁned as the average kinetic energy
per unit volume and the pressure is deﬁned as the trace of the stress tensor. It is found that this
pressure–temperature (P–T ) curve depicts a sharp turn when the system moves away from the
kinetic gas regime. However, no signature is found in the P–T relationship in other regimes. c© 2013
The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1302104]
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Granular materials resist shear by developing inter-
nal stresses. The constitutive law describes the rela-
tionship between these stresses and the strains or strain
rate states. There are other mechanisms such as shak-
ing that can also produce internal stresses in granular
materials.1 This study, however, will focus on sheared
systems. In sheared granular systems, it is known that
both viscous-like and plastic-like constitutive laws are
possible. The viscous-like stress depends on the shear
rate while the plastic-like stress does not. Transition be-
tween the rate-dependent and rate-independent consti-
tutive behavior in sheared granular materials is a prob-
lem with practical importance. Accurate predictions of
the stress state are required for designing dependable
facilities to store or process granular materials. With-
out knowing the constitutive behavior, stress states can
not be calculated even when all material and kinematic
properties are known. In addition to these practical rea-
sons, there is also a fundamental interest in knowing the
transition between viscous and plastic behavior of gran-
ular materials. Because these materials belong to the
large category of soft condensed matters in which many
fundamental laws established for “ordinary” materials
are yet to be discovered.
A simple shear ﬂow condition is utilized in this
study. To further simplify the problem, ﬁxed concentra-
tion is also imposed. Numerically generated data using
discrete element method (DEM) are collected for this
study. The granular system consists of soft spherical
particles with a mild poly-dispersity (±10% of the mean
diameter). The system is contained in a cubic box of
10×10×10 particles without body forces. This size has
been veriﬁed to be suﬃciently large so that further in-
crease of the size would not change the results. Particles
interact with a linear spring and dashpot model with
tangential contact limited by a ﬁxed friction coeﬃcient.2
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These particles are driven to move in the x-direction
by a mean shear rate γ˙ in the y-direction. The mean
shear is accomplished with a Lees–Edwards condition
in the y-direction and periodic conditions in the x-, z-
directions.3 The shear and normal stresses are calcu-
lated as the sum of the contact stress and the kinetic
stress
τij =
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mpu
′p
i u
′p
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in which ∀ is the volume of the box, Dc is the length of
the vector between contacting pairs, kc is the contact
vector, F c is the contact force, mp is the particle mass,
and u
′p is the ﬂuctuating velocity of the particle about
its mean prescribed by the imposed shear rate γ˙. The
indices i = 1, 2, 3 are inter changeable with x, y, z.
As observed in several previous studies, stresses de-
veloped in this system demonstrated evolution from
rate-dependency to rate-independency as the solid con-
centration increased.4–6 The stresses also reduce its
rate-dependency when the dimensionless shear rate
γ˙/
√
K/m increases, where K is the spring constant be-
tween particles and m is the mean mass of the particles.
We revisit this system in this transitional regime to fo-
cus on two standard macro parameters: granular pres-
sure and granular temperature. The concept of gran-
ular temperature deﬁned by the ﬂuctuation energy of
the particles was ﬁrst introduced in 1978.7 Before doing
so, we need to describe the regime chart for transition
between viscous and plastic behaviors developed in an
earlier study8 because a direct comparison to this chart
will be made.
In a sheared granular material, the stress com-
ponents are functions of all the micromechanical
parameters4–6
τ = f(γ˙, C, D˜,m,Kn,Ks, ζn, ζs, μ), (2)
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in which the parameters in the blacket are, in turn,
shear rate, solid concentration (fraction of volume oc-
cupied by particles per total volume), mean particle di-
ameter, mean particle mass, normal and shear stiﬀness,
normal and shear damping coeﬃcient, and friction coef-
ﬁcient. The stiﬀness and damping coeﬃcients are used
to deﬁne the contact force through the linear model for
both normal and tangential directions
F = Kδ + ζ
√
mKδ˙, (3)
where δ is the overlap between the pair of soft contact-
ing particles and δ˙ is the relative velocity of approach.
The damping coeﬃcient was shown to relate to the coef-
ﬁcient of restitution e through ζ = − ln e/
√
π2 + ln2 e.4
A dimensionless stiﬀness is deﬁned as
K∗n = Kn/(ρD˜
3γ˙2), (4)
where ρ is the particle density. This dimensionless stiﬀ-
ness represents the particle stiﬀness for a ﬁxed shear
rate, or the inverse of the quadratic shear rate for a
ﬁxed particle stiﬀness.
The simulations were performed for seven cases of
stiﬀness, K∗n = 10–10
7, and nine cases of concentration,
C = 0.4–0.62. The resulting stresses when casted in the
power law form τij = aij γ˙
2cij showed strong variation in
their dependence on the shear rate γ˙. The rate depen-
dency index cij varied between 0 and 1. For ﬁxed K
∗
n ,
as the concentration increases, it is found that cij → 0,
indicating a plastic constitutive behavior. Conversely as
the concentration decreases, cij → 1 and the constitu-
tive relation approaches the kinetic gas prediction.9 The
transition between these two extremes happens over a
range of concentration. This range narrows as K∗n in-
creases. The contour plot of cxy, the rate index for the
shear stress τxy, is reproduced in Fig. 1 to explain this
evolution from rate-dependency to rate-independency.
The case shown in Fig. 1 is for e = 0.7, μ = 0.5. Other
cases of coeﬃcient of restitution and friction produced
qualitatively the same results. These contours converge
as K∗n increases, representing a sharper transition from
rate-dependency to rate-independency. The following
study of the pressure–temperature (P–T ) relation will
be shown to closely relate to this regime chart.
Transitions between rate-dependency and
rate-independency are associated with large stress
variations.5,6 That is, if one ﬁxes K∗n and increases
C, the stress level can increase by several orders of
magnitude from the side of high rate-dependency,
i.e. cij → 1, to the side of rate-independency, i.e.
cij → 0. The drastic change in stress levels for ﬁxed
concentration case manifests itself under ﬁxed load
conditions in an interesting way. For instance, if the
transition between the low and high concentration is
a narrow one, such as in the upper part of Fig. 1,
only a small change of local concentration is needed
to relieve the stress and balance the applied load.
However, if the transition is broad, such as in Fig. 1, to
relieve the stress will require a signiﬁcant change of the
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Fig. 1. Contour plot of cxy for stress component τxy =
axyγ˙
cxy .7 All contours begin with the value of 0.95 from the
left with an interval of 0.1, where log means logarithmic of
base 10.
concentration. A broad change of concentration implies
large volume change for a given amount of sheared
materials. This type of strong volume oscillations has
been observed in ﬁxed load annular shear cell tests
when polybutadiene particles were used instead of glass
particles. The modulus of elasticity for polybutadiene
is four orders of magnitude lower than that of glass.
Since violent volume oscillation is undesirable for
most industrial processes, regime charts such as shown
in Fig. 1 are important considerations for handling
granular materials.
To investigate if the above transition has any im-
plications in common thermodynamic properties, we
turn the attention to granular pressure and tempera-
ture, where pressure is deﬁned as in ordinary mate-
rials P = (τ11 + τ22 + τ33)/3 and temperature is de-
ﬁned to be equal to the granular temperature T =
∑
p
3∑
i=1
mpu
′p
i u
′p
i /(3∀).9,10 We deﬁne the dimensionless
pressure in this sheared granular material from the trace
of the total stress tensor as P ∗ = 3P/(ρD˜2γ˙2). The di-
mensionless temperature is deﬁned from the sum of the
kinetic energy of the particles as T ∗ = 3T/(ρD˜2γ˙2).
The results of P ∗ versus T ∗ are given in Fig. 2 for the
case C = 0.5, e = 0.7 and μ = 0.5. As the dimension-
less stiﬀness K∗n increases, both pressure and tempera-
ture will increase. However, this trend is reversed when
logK∗n > 3. In all cases, increasing temperature also
results in increasing pressure, but the gradient of the
P–T curve changes sharply when logK∗n ≈ 3.
The same phenomenon is present for all concentra-
tions up to C > 0.58. To avoid clutter, Fig. 3 shows
all other cases of concentration from 0.4 to 0.58. For
C > 0.58, the P–T curves become monotonically as-
cending. The branching phenomenon is absent. Each
curve in Fig. 3 starts from logK∗n = 1 at the lower left
corner.
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Fig. 2. P–T relationship for C = 0.5, e = 0.7 and μ = 0.5.
All curves in Fig. 3 have a turning point. However,
each one turns at a diﬀerent value of K∗n . This turning
point for C = 0.58 happens when 105 < K∗n < 10
6. For
C = 0.56 this turning point happens around K∗n = 10
4,
and for C = 0.5 around K∗n = 10
3. For lower values
of concentration, this turning point corresponds to pro-
gressively smaller values of K∗n . If we look at Figs. 1
and 3 together, the turning points closely line up along
the contour line when cij → 1. That is, in Fig. 1, if
we draw a vertical line at C = 0.4, this line intersects
the cij = 0.95 contour at 10
2 < K∗n < 10
3, and a ver-
tical line at C = 0.5 intersects cij = 0.95 contour at
103 < K∗n < 10
4. Thus, even though the regime chart is
diﬀused such that the transition from plastic to kinetic
behavior happens gradually over a range of concentra-
tion, the P–T relation changes sharply as the rate de-
pendency index cij becomes less than 1, or the kinetic
regime is terminated.
From the kinetic theory for dense gas of inelas-
tic spheres, we may write down the analytic form of
the P–T relation, P = CρT [1 + 2Cg0(1 + e)],
11 where
g0 = 0.854/(0.64− C). Assuming the temperature val-
ues obtained from the simulation, we use the above
equation to calculate the resulting pressure and su-
perimpose these analytic predictions to the numerical
data as shown in Fig. 4(a). It appears that the upper
branches of the curves in Fig. 4(a) are vertical trans-
lations of the analytic solution. The lower branches in
Fig. 4(a) are very diﬀerent from the kinetic theory pre-
dictions. This phenomenon is expected since the upper
branches correspond to the higher K∗n values. Accord-
ing to the regime chart shown in Fig. 1, this is where
the kinetic theory should apply. The discrepancies be-
tween the theoretical and numerical values are from the
high dissipation with e = 0.7 and μ = 0.5 which vio-
lates the kinetic theory assumptions. Figure 4(b) shows
results from a less dissipative system where e = 0.98
and μ = 0. For such systems, particles are more ener-
getic, hence low values of stiﬀness create excessive par-
ticle overlap. The range of stiﬀness is thus restricted to
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Fig. 3. P–T relation for all cases up to C = 0.58. e = 0.7
and μ = 0.5.
102 < K∗n < 10
7. We observe similar turning curves.
The data are quantitatively in better agreement with
the kinetic theory, as one expects.
In summary, by way of a numerical study, it is found
that for a sheared soft particle system, the P–T relation
goes through a sharp change when the kinetic regime
is terminated, either by changing solid concentration or
by changing shear rates. However, there exists a critical
concentration above which P–T obeys a monotonic rela-
tion. This critical concentration for the case of e = 0.7
and μ = 0.5 is 0.58. It is curious that although the
regime change goes much beyond the ﬁrst contour curve
cij = 0.95, the P–T curve only has a distinct signature
at this particular transition. At the other extreme when
nearly full rate-independency is arrived, i.e. cij = 0.05,
the P–T curve does not show any distinct change of
trend. Perhaps there are other thermodynamic-like pa-
rameters that need to be looked at to fully characterize
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Fig. 4. Comparisons between simulated and theoretical P–T relation.
the transitional behavior of granular materials.
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